We present analytical solutions for density profiles of homopolymer melts and of the mathematically equivalent, incompressible polymer solutions near heterogenous, periodically patterned surfaces. The theory employs an analytic density functional-self-consistent field theory, and particular applications consider striped and checkerboard patterns. The computations illustrate the competing influences of the pattern size and the bulk correlation length on the density profile both at the surface and orthogonal to the surface. The density profiles are determined by the bulk correlation length if the thickness of the stripes L is larger than 2 and by L if LϽ2.
I. INTRODUCTION
Theories of polymer interfacial properties have been developed along two fundamentally different lines, the selfconsistent field techniques 1 and free energy functional methods, 2 which have been designed originally for describing the strong and weak segregation limits, respectively. Recently, Freed 3 derived a nonlocal density functional that reproduces the results of the self-consistent field methods, thereby unifying the older density functional and selfconsistent field methods and enabling the use of advantageous features of each, such as the treatment of more detailed interaction models with the former and of more realistic chain connectivity effects with the latter. This combined density functional-self-consistent field approach has been applied to describe compressible polymer melts and blends near impenetrable surfaces, 3, 4 and approximate analytical solutions have been derived by introducing a reference state for which nontrivial explicitly inhomogeneous analytical solutions are possible. The simplicity of the formalism enables us to extend it to polymers near chemically heterogeneous, patterned surfaces. The same theory applies to the mathematically equivalent incompressible systems of two-component polymer solutions near patterned interfaces, but for brevity, the discussion below is presented for polymer melts with occasional reference to polymer solutions.
Polymers placed in contact with chemically heterogeneous, or patterned, surfaces are of considerable interest because of the potential to control the surface concentration and morphology in a way useful to technological applications such as lithography. There have been both experimental and theoretical studies for diblock copolymer melts [5] [6] [7] [8] [9] [10] and polymer blends 6, 7, [11] [12] [13] near patterned surfaces. The theoretical studies focus, respectively, on the influence the surface pattern exerts on the orientation of the lamella structure in microphase separating diblock copolymer melts and the transfer of the surface pattern to the morphology of phase separating polymer blends. Petera and Muthukumar 7 and Chen and Chakrabarti 8 employ Cahn-Hilliard-type density functional methods for incompressible models of the polymer systems. In order to avoid the need for numerical solutions, higher than quadratic terms in the free energy are dropped in Ref. 7 , so the results apply near the critical point. They also omit the effects of the near surface depletion/ enhancement layers that arise due to the compressibility of the polymer melts and that are likewise present for the polymer profiles in incompressible polymer solutions near interfaces. 3, 4, 14, 15 The more detailed description by Nath et al., 9 using a combination of more computationally intensive modern density functional and integral equation methods, describes the block copolymer system as compressible and thus provides nontrivial density profiles in directions orthogonal to the surface. Cahn-Hilliard model simulations 11, 12 have been performed for critical composition, polymer films on a surface with striped chemical patterns, where the surface energies of the stripes is chosen to enrich one of the blend components. The simulations display a pronounced tendency toward enrichment to the surface chemical patterns, but the enrichment scale is limited to a layer near the surface on the order of the scale of the spinodal phase separation pattern. ͑The strength of the polymer-surface interaction exerts a secondary influence on the scale of the surface enrichment pattern.͒ At large distances from the surface, the phase separation process resembles ordinary bulk phase separation. Thus, experiments for phase separating polymer blend films have been designed to employ films with a thickness that emphasizes the effects of the surface enrichment. 11, 16 The experimental surface patterns employed have been formed using self-assembled monolayers stamped onto a solid substrate where the surface energy is adjusted by varying the end group of the alkanethiol ink.
three-dimensional density profiles for homopolymer melts and incompressible polymer solutions near patterned surfaces. The free energy for an inhomogeneous, incompressible polymer solution reduces to that for an effectively onecomponent polymer melt because the sum of the monomer density and the solvent density is constant. The only basic difference between the melt and solution cases arises since the solution may have a lower bulk polymer density. Because of the analytical simplicity of the theory, we examine a large range of parameters. Particular emphasis is placed on examining the detailed effects arising from difference in relative sizes of the polymer molecules and the surface pattern, as well as density variations governed by the relative strengths of the interactions with the different strips of the pattern. The present calculations are preludes to studies of homopolymer blends and diblock copolymer melts near patterned surfaces which will be presented in separate papers, the first of which is the following paper, 23 using an extension of the same type of analytical theory. We note, in this regard, that a minimal Edwards-type model for compressible homopolymer blends and diblock copolymer blends near patterned surfaces contains thirteen relevant parameters, requiring an analytical approach to assess the full range of possibilities.
In Sec. II, the density functional-self-consistent field approach is briefly reviewed to provide required basic equations as well as to delineate the approximations involved. Section III applies this theory to polymer melts near patterned surfaces where general equations for density profiles are derived. Density profiles near patterned surfaces are presented and their properties are discussed in Sec. IV. The analytical melt density profiles are also compared with more traditional type numerical self-consistent field calculations. The general form of our calculated melt density profiles for the striped surface pattern are qualitatively similar to the composition profiles from simulations for blends in the twophase region, 11 profiles which, in turn, are similar but less diffuse than those for blends in the one-phase region.
II. ANALYTIC DENSITY FUNCTIONAL-SELF-CONSISTENT FIELD APPROACH
Consider a homopolymer melt at temperature T, volume V, and chemical potential . The extension to multicomponent polymer blends is straightforward. The grand partition function ⌶ for a system of polymer molecules of polymerization index N is
where ␤ is 1/k B T, k B is Boltzmann's constant, and V n (͕r ␣i ͖)
is the potential energy of a system of n polymer molecules with configuration ͕r ␣i ͖, where r ␣i denotes the position vector of the ith monomer in the ␣th molecule. The factors generated by the momentum integrals and the symmetry numbers are omitted for simplicity because they only add constants to the chemical potential and can be determined by the bulk boundary condition. The potential energy is a sum of intramolecular, intermolecular, and external potential energies and is taken to be
where l is the Kuhn length, v(rϪrЈ) is the interaction potential between monomers, and V ext (r) is the external potential. A convenient Gaussian chain model is used for the intramolecular chain connectivity because the detailed nature of the intramolecular interaction on the length scale of the monomer size is not important in determining the properties of the system on the length scale of the size of a molecule. The grand potential ⍀ϭϪkT ln ⌶ is a natural functional of W(r) defined by
as can be seen from Eqs. ͑1͒ and ͑2͒. The average monomer density (r)ϭ͚͗ ␣i ␦(rϪr ␣i )͘ can be expressed as a functional derivative of ⍀ with respect to W(r) through ͑r͒ϭϪ ␦͑␤⍀͒ ␦W͑r͒
.
͑4͒
The intrinsic Helmholtz free energy F is a Legendre transform of ⍀, ␤Fϭ␤⍀ϩ ͵ dr͑r͒W͑r͒,
͑5͒
and is a natural functional of (r). The functional derivative of F with respect to (r) can be calculated using Eqs. ͑4͒ and ͑5͒ as ␦͑␤F͒ ␦͑r͒
ϭW͑r͒. ͑6͒
First, consider an ''ideal'' system where there are no interactions between monomers, except those arising from chain connectivity. The grand potential for this system is
͑7͒
Introducing a continuous chain limit in which the summation over monomer index i is replaced by an integral over a contour variable , converts Eq. ͑7͒ into
͑8͒
where the end-vector distribution function
is expressed in a path integral representation. 19 The internal vector distribution function G(rrЈ;Ј͉͓W͔) provides the probability density for the chain segments at and Ј to be located at r and rЈ and satisfies the partial differential equation, 17, 18, 19 
which describes diffusion in the external potential W(r). The monomer density may be expressed in terms of the distribution function by the well-known expression
by using Eqs. ͑4͒, ͑8͒, and
The monomer density and the free energies for a ''nonideal'' system can be obtained by considering an ideal system with an as yet unknown effective external potential W(r)ϭ␤/NϪV eff (r) which gives the same density profile as that for a real system with full monomer-monomer interactions. The density is then given by Eq. ͑11͒ with W(r) instead of W(r),
͑13͒
The Helmholtz free energy is written as
where F id ͓(r)͔ is the free energy for an ideal system with the same density (r) as the actual system and the excess free energy F exc is as defined by Eq. ͑14͒. The grand potential ⍀ is obtained from F by Eq. ͑5͒. The effective external potential W(r) follows upon using Eqs. ͑6͒ and ͑14͒ as
The same result as Eq. ͑15͒ can be derived by applying the equilibrium condition ␦⍀/␦(r)ϭ0 with Eqs. ͑5͒ and ͑14͒.
Note that W(r) depends on (r) through Eq. ͑15͒, and (r) depends on W(r) through Eq. ͑13͒, so analytical solutions for (r) can be obtained only in the simplest cases.
Following Ref.
3, a simple random mixing model of excluded volume interaction is used for the excess free energy, giving
where the monomer-monomer interaction potential is assumed to be proportional to a delta function since the range of the interaction is very short compared to the size of a polymer molecule. The effective external potential with this excess free energy is
W͑r͒ϭW͑r͒Ϫv͑r͒. ͑17͒
It is useful to consider what the above theory for inhomogeneous systems implies for the thermodynamics of a homogeneous system. Inhomogeneous systems near hard walls are discussed in the next section. The effective external potential for a homogeneous melt with no applied external field is
where b is the monomer density in bulk. The end-vector distribution function with this constant effective potential is given by a Gaussian as
͑19͒
From Eq. ͑8͒, the ideal grand potential is
The second equality in Eq. ͑20͒ follows from the ideal gas equation and ⍀ϭϪpV, where p is the pressure, and results in the following expression for the bulk density at constant T and :
The free energy F for a system with homogeneous density may be obtained from Eqs. ͑14͒, ͑5͒, ͑20͒, and ͑16͒ as
Improved descriptions of the thermodynamics may be included by incorporating better treatments of the translational entropy into F exc . However, if these descriptions are expanded about a convenient reference, say b , and quadratic contributions retained, the latter may be absorbed into the definition of v, while the linear terms do not contribute to the properties computed here.
III. POLYMER MELTS AND SOLUTIONS NEAR HARD WALLS
This section first reviews necessary results from previous work 3, 17 for compressible polymer melts ͑and the mathematically equivalent polymer solutions͒ near a hard wall with no pattern. Then, the theory is extended to polymers near patterned surfaces where an exact analytical solution exists for the internal vector distribution function and the density profile near a neutral hard wall for the model described in the previous section. The density profiles for sys-tems with more general polymer-wall interactions are derived here by taking the nontrivial, inhomogeneous system with a neutral surface as a reference in a perturbative approach. The end of this section describes the numerically more intensive single-chain mean-field theory which incorporates realistic chain conformations. A density profile calculated with this self-consistent molecular theory is compared in the next section with that determined from the analytical theory.
A. Neutral surface
Consider a neutral, impenetrable hard wall with the potential,
Thus, Eqs. ͑3͒ and ͑17͒ imply that the effective external potential is given by
where the assumption (z)ϭ b , for zу0, has been used. This assumption is shown at the end of this subsection to be exact for the reference inhomogeneous system. The solution of the diffusion equation Eq. ͑10͒ with this W (0) (z) is known to be 17
where the propagator orthogonal to the surface is
for z,zЈу0, and G (0) vanishes otherwise, where G 0 (z;) ϭ(3/2l
2 ) 1/2 exp͓Ϫ3z 2 /2l 2 ͔. The density calculated using Eqs. ͑13͒ and ͑25͒ is (z)ϭN exp(␤Ϫv b N)ϭ b for zу0 and 0 for zϽ0.
B. Non-neutral surfaces
Consider a hard, impenetrable wall with an additional contact interaction potential c 0 ␦(z). Using Eq. ͑24͒, the effective external potential is written as
where The
G͑zzЈ;Ј͉͓W͔͒ϭG
where G (0) (zzЈ;Ј)ϭG(zzЈ;Ј͉͓W (0) (z)͔) is given by Eq. ͑26͒. The perturbed density ␦(z) calculated from Eqs.
͑13͒, ͑29͒, and ͑30͒ is
where 
The inverse Fourier transform of Eq. ͑32͒ is converted upon insertion of the common approximation
where 0 ϭͱ2(1ϩv b N) and ϭR g / 0 . The decay length for the surface density profile is the same as the bulk correlation length for density fluctuations which may be calculated from the random phase approximation for a polymer melt. 14, 20 Concentration profiles for an incompressible polymer blend or an incompressible polymer solution may be expressed in the same form as Eq. ͑33͒ with (z) replaced by concentration profile (z). The identical result to Eq. ͑33͒ has been obtained using a Landau-Ginzburg free energy functional with a square gradient approximation upon introduction of proper substitutions for the coefficients and with approximations for the free energies. 3, 21 The LandauGinzburg approach employs a different free energy functional from that presented here, but the free energy has its minimum at the same density profile upon use of equivalent simple approximations that lead to the above analytical solution. It is possible to incorporate a more realistic excess free energy due to hard-core repulsions or longer-range monomer-monomer interactions using the approach presented in this paper, but then the coupled integral equations Eqs. ͑15͒ and ͑31͒ must be solved numerically.
C. Patterned surfaces
Consider a hard wall with a periodic pattern in the x direction represented by the potential V ext (R)ϭV ext (0) (z) ϩc(x)␦(z), where Rϭ(x,z). The internal vector distribution function now has a two-dimensional perturbed form, 
G͑rrЈ
with the zeroth order hard-wall distribution
and W (1) (R)ϭϪc(x)␦(z)Ϫv␦(R). The Fourier transform of the two-dimensional density profile
has a similar form to Eq. ͑32͒, where ĉ (k x ) is the Fourier transform of c(x). This ĉ (k x ) is obtained analytically from the Fourier cosine series of c(x),
where L is one-half of the period of the surface pattern. The density is then
where j ϭͱ 0 2 ϩ( jR g /L) 2 , and 0 is defined right below Eq. ͑33͒.
A similar equation to Eq. ͑39͒ has been presented by Petera and Muthukumar 7 for an incompressible polymer blend using a linearized Landau-Ginzburg free energy functional. This similarity is as expected because the incompressible polymer blend corresponds mathematically to a compressible melt and because the two approaches in the simplest approximations produce the same result for polymers near uniform surfaces, as discussed in the previous subsection. Our approach for a compressible polymer melt can be easily extended to a compressible polymer blend near patterned surface, and this extension is the subject of the following paper. 23 Somewhat more effort is required for the extension to a compressible diblock copolymer system. The extension to a system described by a checkerboard potential c x (x)c y (y)␦(z) with periods 2L x and 2L y is straightforward. The density profile becomes
where a x j and a ym are Fourier components of the potential c x (x) and c y (y), and jm is
D. Single-chain mean-field theory
The basic idea of the single-chain mean-field theory is to treat the intramolecular and surface interactions in an exact fashion, while the intermolecular interactions are described using a mean-field approximation. For simplicity, we treat a polymer melt in the athermal limit. Consider a lattice system that has a striped surface at zϭ0 of total area A. The surface is in contact with a bulk polymer melt characterized by a polymer chemical potential p . The free energy per unit area of the system can be written as
where the first, second, third, and fourth terms correspond to the polymers' translational entropy, conformational entropy, interaction energy, and the chemical potential, respectively. The last term arises from the mixing entropy of the polymer chains and the empty lattice sites. P(␣) is the probability distribution function ͑pdf͒ describing the chain conformations, with ␣ denoting the chain conformation. E(␣;x,z) is the interaction energy between the polymer at the spatial position (x,z) in conformation ␣ and the surface. (x,z) is the average density of polymer molecules at the position (x,z), and v (x,z) is the average volume fraction of empty lattice sites at (x,z). Note that the density of polymers represents the average number of polymer molecules that are at the position (x,z). The pdf for the chain conformations and the polymer and vacancy density profiles are determined by minimizing the free energy subject to the lattice single-occupancy constraint which implies that the sum of polymer and vacancy volume fractions must be unity at all points (x,z), i.e., this constraint implies that for each x,z,
where the first term is the polymer volume fraction at (x,z) since n(␣;x,z/xЈ,zЈ) is the number of segments that the polymer chain in conformation ␣ with its middle segment at the position (xЈ,zЈ) contributes to the density at the position (x,z). The expression in Eq. ͑42͒ is, in essence, the selfconsistency criterion that is used to determine the pdf P(␣) for the chain conformations and the excess free volume density profile v (x,z). The minimization is carried out using Lagrange multipliers. The details of the minimization and how the numerical calculations are performed are described in Ref. 22 . The predictions from the molecular selfconsistent theory have previously been shown to be in excellent quantitative agreement with full scale Monte Carlo and molecular dynamics simulations as well as with experimental observations for a large variety of systems with polymers near surfaces. 22 Thus, we believe that the predictions of the theory are very reliable.
IV. RESULTS AND DISCUSSION
Consider a polymer melt near a pattened surface with alternating stripes of the same thickness L and with attractive and repulsive potentials Ϫc 0 and c 0 , respectively. By expanding the potential c(x) in a Fourier series,
the density profile ␦(R)ϭ(R)Ϫ b follows from Eqs. ͑43͒
and ͑39͒ as
where ␦ s0 ϭ s0 Ϫ b and s0 ϭ b ϩ2c 0 b N/ 0 R g is the surface density at a surface with the uniform potential Ϫc 0 , as may be seen from Eq. ͑33͒. 2 , the form of density profile in Eq. ͑44͒ is governed by the relative values of the bulk correlation length ϭR g / 0 and the thickness of the stripes L.
The calculation of the density profiles requires the truncation of the series in Eq. ͑44͒ at certain m. A truncation at mϭ100 is used for most calculations since the density profiles obtained by truncating at mϭ100 and mϭ1000 for L Ͻ20 are indistinguishable to the eye in the figures presented below.
An illustrative example of the density profile in Fig. 1͑a͒ for Lϭ2 displays a periodic density change for the in-plane x direction, which runs orthogonal to the stripes, and a density decay to the bulk value in the z direction. Figure 1͑b͒ presents the results of two-dimensional single-chain molecular mean-field theory 22 for the density profile of polymers near a striped surface. The system modeled is a polymer solution composed of lattice chains with Nϭ50 in the athermal limit. The surface-polymer attraction on the stripes is rather strong. The density profiles are in qualitative agreement with those from the analytical theory. This result strongly supports the validity of the analytical theory since the predictions from the molecular theory have been shown to be in quantitative agreement with full scale computer simulations. . In fact, when LϾ2, the density profiles for 0Ͻx ϽL can be well approximated by a superposition of two limiting interfacial profiles centered at xϭ0 and xϭL. As L becomes smaller, the maximum in the density diminishes, and the area defined by 2/L͐ 0 L/2 dx͓␦(x,zϭ0)/␦ s0 ͔ likewise decreases, possibly because the preferential segregation to the more attractive regions cannot be fully satisfied for small L due to the larger polymer size. Thus, for small L, the interfacial profile is not determined solely by the bulk correlation length , but also by the thickness of the stripe. When LϽ2, the surface interfacial profiles plotted by scaling the density with the maximum density and the length with L ͑i.e., ␦(x,zϭ0)/␦ max vs x/L) are almost identical with each other. Therefore, the surface density profiles for L Ͻ2 are determined by the scaled profile, while those for LϾ2 are determined by the limiting interfacial profile described above. The density maximum and area, expressed as
are exhibited together in Fig. 3 . This information may be useful in the design of a surface with controlled amounts of excess polymer. Figure 4 presents the density decay to its bulk value in the z-direction orthogonal to the surface near the interface for the surface patterned with Lϭ8. The profiles for larger L are almost identical to those in Fig. 4 . For this large L, identical length scales describe the density change both perpendicular to the surface and at the surface: both profiles change on scales on the order of the bulk correlation length , as exhibited by Figs. 2 and 4. Figure 5 displays the density profiles in the z direction for smaller L and for the x that yields a maximum surface density. The decay length of the density towards the bulk is reduced for smaller L, in accordance with a diminished length scale at the surface. Figure 6 presents the same information contained in Fig. 2 in an alternative fashion by fixing L and varying . When is small, Fig. 6 shows that the interface ͑near the boundary between different potentials͒ becomes sharper since the thickness of the interface is proportional to , as demonstrated in Fig. 2 .
The density profile near an asymmetric surface potential of alternating c 1 and c 2 can be written in terms of the density /ϭ0.2, 1, 2, 4, 6 , and 8, and for the same surface potential as in Fig. 1͑a͒. x max designates the x coordinate at which the surface density has its maximum value.
profile of Eq. ͑33͒ for a polymer melt proximate to a uniform surface ͓defined as 0 (z)͔ and that of Eq. ͑44͒ near a symmetric surface potential ͑defined as sym (R)),
͑47͒
Equation ͑47͒ implies that the density change in the x direction ͑along the surface͒ is proportional to that (␦ sym ) for a symmetric potential because ␦ 0 (zϭ0)ϭ␦ s0 , but the density change in the direction perpendicular to the surface exhibits qualitatively different behavior because of the first term on the right-hand side of Eq. ͑47͒. An example is illustrated in Fig. 7 for c 1 ϭ0 and c 2 ϭϪc 0 , i.e., for alternating neutral and attractive potentials. Note that there is a curvature change in the density profile near the center of the interface ͑between different potentials͒ without a change in the sign of the slope of the profile, in contrast to the profiles in Fig. 4 . Figure 8 illustrates the surface density profile near a checkerboard surface potential. Detailed pictures with varying parameters are not presented here, but calculations show that the surface densities represent the combined influences of the potential patterns in both the x and y directions. Hence, the general trends can be understood from the above discussions for the striped patterns.
V. CONCLUSIONS
The use of a minimal Gaussian chain model and the simplest model for excluded volume interactions enables us to provide analytical solutions for density profiles of compressible polymer systems ͑and the mathematically equivalent incompressible polymer solutions͒ near patterned surfaces in the limit of not too strong surface-polymer interaction where the chain configurational change due to the surface-polymer interaction can be approximated by a linear perturbation induced by the effective surface potential. The combined density functional-self-consistent field approach yields qualitatively good results even for a stronger surface potential when compared to the results from a molecular theory ͑see Fig. 1 for an example͒. Therefore, this simple analytic approach captures well the essential features of the interplay of the two different length scales , the bulk polymer correlation length that originates from chain connectivity and the monomer-monomer interactions, and L, the period of the surface potential pattern. When L is large (Ͼ2), the interfacial profile at the surface ͑in the x direction͒ is determined by the additive influences of the independent periods of the patterned interface. The density profile due to each independent period of interfacial potential is separated for large L from the profiles due to other periods by what is effectively an arbitrarily large distance. Thus, the profile from a single period represents the response of the polymer to the abrupt change in the local surface potential, and the length scale for density variations at this abrupt potential change is determined by the bulk correlation length . When L is smaller, the high frequency for the alteration of the surface potential determines the shape of the interfacial profile. We also find a correlation between the length scales for the density change at the surface and for those normal to the surface, both being about the same magnitude.
The following paper provides the extension of the theory to binary blends near patterned surfaces where, in addition to the two competing length scales for the bulk correlation length and the surface potential spacing L, the density profiles must also be affected by the correlation length for composition fluctuations, a length scale that diverges as the spinodal curve approached.
